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In propositional logic and predicate logic, the world is static.

Modal Logic allows to reason about dynamics:
» possible futures,
» knowledge and beliefs,
» different locations/worlds (with different properties),
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Modal logic introduces modalities

» box O
» diamond ¢

O &
“Box” “Diamond”
sure  possibly
always  sometimes
has to be maybe
knows believes is possible

guaranteed result

possible result
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Modal Formulas
Modal logic extends propositional logic with

O and <&

as unary (having one argument) connectives.

Both O and < have the same binding strength as —.

Example formulas
op
Op—p
—O0-p — <p
Op A O—qg
Op—=q)NOp



Modal Logic

Which of the following formulas are valid?
> Op — —~O—p
» OpAOCGg— O(pAQ)
> Op— Op
» Up—p
» O(p—q) — (Op— 0q)
» OOp = Op
» O— |



Modal Logic

Which of the following formulas are valid?
> Op — —~O—p
» OpAOCGg— O(pAQ)
> Op— Op
» Up—p
» O(p—q) — (Op— 0q)
» OOp = Op
» O— |

That depends on the interpretation of the modal operators!



Kripke Models

A Kripke model M = (W, R, L) consists of
» W, the worlds
» R, the accessibility relation
» L, the labelling function

————————————————————————
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 Wo / \ w3
1

:

[

_______________________

Formally:
» W={w, wo, w3}
> R ={(m,wy), (w1, ws), (W3, W) }
» Liwm)={p} Lw)={qg} Lws)={p, r}
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Kripke Models: Truth in Worlds

The notation
M,w IF

means: formula ¢ is true in the world w of Kripke model M.

We often abbreviate
M,w I ¢
as
w - ¢

if the Kripke model M is clear from the context.
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Kripke Models: Labelling Function

The labelling function L tells which propositional letters are
true in which world:

wlkp < pelw)

L(w) are the propositional letters that are true in world w!

————————————————————————

M
Liwy) ={p}

i w
wo SN w ! Lw)=(a)

L(ws) ={p, r}

_______________________

wy |- wo |- ws lEp wa lFr
P q



Kripke Models: Labelling Function

The labelling function L tells which propositional letters are
true in which world:

wlkp < pelw)

L(w) are the propositional letters that are true in world w!

————————————————————————

M
Liwy) ={p}

i w
wo SN w ! Lw)=(a)

L(ws) ={p, r}

_______________________

wy I wso IF q ws I p wa I r wa lff q
p
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Truth in Worlds

Connectives —, /\, V, —, < behave as in propositional logic.
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> W l-pVag since ws I g
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Truth in Worlds

Connectives —, /\, V, —, < behave as in propositional logic.

i Wa / \ W3E
"T—@)";
LN NS ;

> wy lF—q since wy ¥ q

> W l-pVag since ws I g

> W lf g—r since wo |- q and ws I r

> wilFg—r since wy ¥ q

> w3 pPATr



Truth in Worlds

Connectives —, /\, V, —, < behave as in propositional logic.

i Wo / \ W3 E
T—@"
LN NS ;

> wy lF—q since wy ¥ q

> W l-pVag since ws I g

> W lf g—r since wo |- q and ws I r

> wilFg—r since wy ¥ q

> w3 l-pATr since ws I p and ws - r
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Truth of Diamonds: ¢ ¢
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The formula <¢ is true in world w if there exists a world w’
suchthat R(w,w’) and ¢ istruein w’.

Asaformula: wik<od <«  Iw’ (Rw,w') A w'l- o)
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Truth of Diamonds: ¢ ¢

w - Od

The formula <¢ is true in world w if there exists a world w’
suchthat R(w,w’) and ¢ istruein w’.

Asaformula: wik<od <«  Iw’ (Rw,w') A w'l- o)
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Truth of Diamonds: ¢ ¢

w - Od

The formula <¢ is true in world w if there exists a world w’
suchthat R(w,w’) and ¢ istruein w’.

Asaformula: wik<od <«  Iw’ (Rw,w') A w'l- o)
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Truth of Diamonds: ¢ ¢

wikE <o
The formula <¢ is true in world w if there exists a world w’
suchthat R(w,w’) and ¢ istruein w’.

Asaformula: wik<od <«  Iw’ (Rw,w') A w'l- o)

————————————————————————

PN
Q=&

_______________________

M

N e e e - -

For example,

wy IFOp wa I Op wy I g ws - g
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Truth of Diamonds: ¢ ¢
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_______________________

> wy - <Oq since R(wq, ws) and ws |- g
> wy lEOp since R(wq, w3) and ws |- p



Truth of Diamonds: ¢ ¢
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L W2 / \ ws
O—e"
o~~~ N /I
> wy - <Oq since R(wq, ws) and ws |- g
> wy lEOp since R(wq, w3) and ws |- p
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Truth of Diamonds: ¢ ¢

vV V. VvV VY

wy IF<q
wy IEOp
wy IFOp A Oq
wi  ©O(pAQ)

————————————————————————

1

1

1

1

:

Wo / \ W3 E
:

1

_______________________

since R(wq, ws) and ws |- g
since R(wq, w3) and ws |- p
since wy IEOp en wy I Oq



Truth of Diamonds: ¢ ¢

vV V. VvV VY

wy IF<q
wy IEOp
wy IFOp A Oq
wr I S(pA Q)
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1

since R(wq, ws) and ws |- g

since R(wq, w3) and ws |- p

since wy IEOp en wy I Oq

since —3w (R(wy,w) Aw - p/AQq)
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w lF Od

The formula O¢ is true in world w if ¢ is true in all worlds w’
with R(w, w’).

Asaformula: w0 < vw' (R(w,w') — w'I-¢)
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Truth of Boxes: O¢

w lF Od

The formula O¢ is true in world w if ¢ is true in all worlds w’
with R(w, w’).

Asaformula: w0 < vw' (R(w,w') — w'I-¢)

————————————————————————

M

AN
/

_______________________

For example,
wy I Op



Truth of Boxes: O¢

w lF Od

The formula O¢ is true in world w if ¢ is true in all worlds w’
with R(w, w’).

Asaformula: w0 < vw' (R(w,w') — w'I-¢)
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For example,

wy I Op wz Oqg



Truth of Boxes: O¢

w lF Od

The formula O¢ is true in world w if ¢ is true in all worlds w’
with R(w, w’).

Asaformula: w0 < vw' (R(w,w') — w'I-¢)

————————————————————————
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For example,

wy I Op ws IF Oq



Truth of Boxes: O¢

w lF Od

The formula O¢ is true in world w if ¢ is true in all worlds w’
with R(w, w’).

Asaformula: w0 < vw' (R(w,w') — w'I-¢)
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For example,
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Truth of Boxes: O¢

w lF Od

The formula O¢ is true in world w if ¢ is true in all worlds w’
with R(w, w’).

Asaformula: w0 < vw' (R(w,w') — w'I-¢)
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w lF Od

The formula O¢ is true in world w if ¢ is true in all worlds w’
with R(w, w’).

Asaformula: w0 < vw' (R(w,w') — w'I-¢)
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Truth of Boxes: O¢

w lF Od

The formula O¢ is true in world w if ¢ is true in all worlds w’
with R(w, w’).

Asaformula: w0 < vw' (R(w,w') — w'I-¢)
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Truth of Boxes: O¢

w lF Od

The formula O¢ is true in world w if ¢ is true in all worlds w’
with R(w, w’).

Asaformula: w0 < vw' (R(w,w') — w'I-¢)

M

w2 / \ W3
—

_______________________

N e e e - -

For example,
wy I Op ws IF Oqg wy lEO(gVr) wo I OL

Note that O holds only in worlds without outgoing edges!
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Truth of Boxes: O¢
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wy I Og
wy If Op
wa |- 0Oq
wy IFO(pV q)
ws  O(g/APp)
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Truth of Boxes: O¢
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Note that w» has no outgoing arrows!

What can we say about truth of ¢¢ and O¢ in wy?
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< never holds in worlds without outgoing arrows
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Worlds without Outgoing Arrows
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Worlds without Outgoing Arrows

————————————————————————

M

s
<_5

_______________________

’

Note that w» has no outgoing arrows!

What can we say about truth of ¢¢ and O¢ in wy?
> wo I O
< never holds in worlds without outgoing arrows

> Wo = Dd)
Od always holds in worlds without outgoing arrows

This holds for whatever the formula ¢ is!
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In Kripke model M = (W, R, L) we first define truth per world.

Definition of M, x I- ¢

X L
xlkEp < pelLx)
xlF=¢ < xVo



Formal Definition of Truth in Worlds

In Kripke model M = (W, R, L) we first define truth per world.

Definition of M, x I- ¢

X L
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xXFpAYPp < xl-¢ and xIFY
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Formal Definition of Truth in Worlds

In Kripke model M = (W, R, L) we first define truth per world.

Definition of M, x I- ¢

X L

xlk-p <= pelLx)

xkF—p < xlfob
xXFpAYPp < xl-¢ and xIFY
xXlFpVYy < xlI-¢ or xIF
xlFd -V & if xI-¢d thenalso x |-
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In Kripke model M = (W, R, L) we first define truth per world.

Definition of M, x I- ¢
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Formal Definition of Truth in Worlds

In Kripke model M = (W, R, L) we first define truth per world.

Definition of M, x I- ¢

X L
XIFp
X IF—d
X I b AP
VI ORVAV)
xXFd -
XIE<Od
x| O¢

0 A A

p e L(x)

Xl

xIE¢ and x -

xIFd¢ or x -

if xIFd¢ thenalso xI-V

there exists y € W with R(x,y)and y |- ¢
for all y € W with R(x, y) holds: y I- ¢



Formal Definition of Truth in Worlds

In Kripke model M = (W, R, L) we first define truth per world.

Definition of M, x I ¢

X L
XIFp
xIF—¢
X I b AP
VI ORVAV)
xXFd -
xIF<od
x| O¢

0 A A

p e L(x)

Xl é

xIE¢ and x -

xIF¢ or xIF

if xI-d¢ thenalso xI-1

there exists y € W with R(x,y) and y IF ¢
for all y € W with R(x, y) holds: y I- ¢

Note the analogy with the truth definition in predicate logic.
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» MEp—<q
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» MEOQg—Tr
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* all propositional tautologies also hold modal!
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Modal validity: = ¢ as
In every world w in every Kripke model M holds M, w E 1.
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Modal Logic Equivalence

We define ¢ =1 as
In every world w in every Kripke model M

MwkEd &= MwEY
Alternative definition of modal equivalence

b=V & oY and VP

Op = ¢
Od = —O0-¢
O=¢dp = —-O¢
O(bAY) = DHADY
DeVY) # DdVDOp
¢VY = —p—) 7

*: all equivalences from propositional logic hold also modal !
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Are the following equivalences valid?
—Od O=¢d ?No
O(p AWD) SO NAOYP  ?No
(b V) OV OoP ?Yes



Exercises

————————————————————————

> W ={wy, wo, wa}

(») s R ((w,we), (w1, o),

(wa, wy), (W3, Wa)}

> L(wy) ={p}

@ L(wz) ={q}
--------------------- ’ L(ws) ={p,r}

Check for yourself:

wo = OrAOp ?

wy = Op ?

Wy }: <SOp ?

?

wi | OOp
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.
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Determine the truth value of every formula in every world:

Example

odq ?
&o0q ?
ooa(q Vv r) ?
o(O(@QVr) —p) v

”?

O(Cp — O<r)
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