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Kripke Models

A Kripke modelM = (W ,R,L) consists of
I W , the worlds
I R, the accessibility relation
I L, the labelling function

p
w1

q
w2

p, r
w3

M

Formally:
I W = { w1, w2, w3 }

I R = { 〈w1,w2〉, 〈w1,w3〉, 〈w3,w2〉 }
I L(w1) = { p } L(w2) = { q } L(w3) = { p, r }
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Truth in Worlds

Connectives ¬, ∧, ∨, →, ↔ behave as in propositional logic.
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Note that 2⊥ holds only in worlds without outgoing edges!
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Formal Definition of Truth in Worlds
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 2φ ⇐⇒ for all y ∈W with R(x , y) holds: y 
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Note the analogy with the truth definition in predicate logic.
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Definition of Truth in Kripke Models
The formula φ is true in Kripke modelM = (W ,R,L), denoted

M |= φ ,

if and only if for every world x ∈W holds x 
 φ.
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Modal validity is semantic implication with zero premises.

Modal validity: |= ψ as
In every world w in every Kripke modelM holdsM,w |= ψ.
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We define φ ≡ ψ as
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Modal Logic Equivalence

We define φ ≡ ψ as
In every world w in every Kripke modelM

M,w |= φ ⇐⇒ M,w |= ψ

Alternative definition of modal equivalence

φ ≡ ψ ⇐⇒ φ |= ψ and ψ |= φ

2φ ≡ ¬3¬φ

3φ ≡ ¬2¬φ

3¬φ ≡ ¬2φ

2(φ∧ψ) ≡ 2φ∧2ψ

2(φ∨ψ) 6≡ 2φ∨2ψ

φ∨ψ ≡ ¬φ→ ψ

?

?: all equivalences from propositional logic hold also modal !



Modal Logic Equivalence

We define φ ≡ ψ as
In every world w in every Kripke modelM

M,w |= φ ⇐⇒ M,w |= ψ

Alternative definition of modal equivalence

φ ≡ ψ ⇐⇒ φ |= ψ and ψ |= φ

2φ ≡ ¬3¬φ

3φ ≡ ¬2¬φ

3¬φ ≡ ¬2φ

2(φ∧ψ) ≡ 2φ∧2ψ

2(φ∨ψ) 6≡ 2φ∨2ψ

φ∨ψ ≡ ¬φ→ ψ

?

?: all equivalences from propositional logic hold also modal !



Modal Logic Equivalence

We define φ ≡ ψ as
In every world w in every Kripke modelM

M,w |= φ ⇐⇒ M,w |= ψ

Alternative definition of modal equivalence

φ ≡ ψ ⇐⇒ φ |= ψ and ψ |= φ

2φ ≡ ¬3¬φ

3φ ≡ ¬2¬φ

3¬φ ≡ ¬2φ

2(φ∧ψ) ≡ 2φ∧2ψ

2(φ∨ψ) 6≡ 2φ∨2ψ

φ∨ψ ≡ ¬φ→ ψ

?

?: all equivalences from propositional logic hold also modal !



Modal Logic Equivalence

We define φ ≡ ψ as
In every world w in every Kripke modelM

M,w |= φ ⇐⇒ M,w |= ψ

Alternative definition of modal equivalence

φ ≡ ψ ⇐⇒ φ |= ψ and ψ |= φ

2φ ≡ ¬3¬φ

3φ ≡ ¬2¬φ

3¬φ ≡ ¬2φ

2(φ∧ψ) ≡ 2φ∧2ψ

2(φ∨ψ) 6≡ 2φ∨2ψ

φ∨ψ ≡ ¬φ→ ψ

?

?: all equivalences from propositional logic hold also modal !



Modal Logic Equivalence

We define φ ≡ ψ as
In every world w in every Kripke modelM

M,w |= φ ⇐⇒ M,w |= ψ

Alternative definition of modal equivalence

φ ≡ ψ ⇐⇒ φ |= ψ and ψ |= φ

2φ ≡ ¬3¬φ

3φ ≡ ¬2¬φ

3¬φ ≡ ¬2φ

2(φ∧ψ) ≡ 2φ∧2ψ

2(φ∨ψ) 6≡ 2φ∨2ψ

φ∨ψ ≡ ¬φ→ ψ

?

?: all equivalences from propositional logic hold also modal !



Modal Logic Equivalence

We define φ ≡ ψ as
In every world w in every Kripke modelM

M,w |= φ ⇐⇒ M,w |= ψ

Alternative definition of modal equivalence

φ ≡ ψ ⇐⇒ φ |= ψ and ψ |= φ

2φ ≡ ¬3¬φ

3φ ≡ ¬2¬φ

3¬φ ≡ ¬2φ

2(φ∧ψ) ≡ 2φ∧2ψ

2(φ∨ψ) 6≡ 2φ∨2ψ

φ∨ψ ≡ ¬φ→ ψ

?

?: all equivalences from propositional logic hold also modal !



Modal Logic Equivalence

We define φ ≡ ψ as
In every world w in every Kripke modelM

M,w |= φ ⇐⇒ M,w |= ψ

Alternative definition of modal equivalence

φ ≡ ψ ⇐⇒ φ |= ψ and ψ |= φ

2φ ≡ ¬3¬φ

3φ ≡ ¬2¬φ

3¬φ ≡ ¬2φ

2(φ∧ψ) ≡ 2φ∧2ψ

2(φ∨ψ) 6≡ 2φ∨2ψ

φ∨ψ ≡ ¬φ→ ψ

?

?: all equivalences from propositional logic hold also modal !



Modal Logic Equivalence

We define φ ≡ ψ as
In every world w in every Kripke modelM

M,w |= φ ⇐⇒ M,w |= ψ

Alternative definition of modal equivalence

φ ≡ ψ ⇐⇒ φ |= ψ and ψ |= φ

2φ ≡ ¬3¬φ

3φ ≡ ¬2¬φ

3¬φ ≡ ¬2φ

2(φ∧ψ) ≡ 2φ∧2ψ

2(φ∨ψ) 6≡ 2φ∨2ψ

φ∨ψ ≡ ¬φ→ ψ

?

?: all equivalences from propositional logic hold also modal !



Modal Logic Equivalence

We define φ ≡ ψ as
In every world w in every Kripke modelM

M,w |= φ ⇐⇒ M,w |= ψ

Alternative definition of modal equivalence

φ ≡ ψ ⇐⇒ φ |= ψ and ψ |= φ

2φ ≡ ¬3¬φ

3φ ≡ ¬2¬φ

3¬φ ≡ ¬2φ

2(φ∧ψ) ≡ 2φ∧2ψ

2(φ∨ψ) 6≡ 2φ∨2ψ

φ∨ψ ≡ ¬φ→ ψ ?

?: all equivalences from propositional logic hold also modal !
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¬3φ ≡ 3¬φ ?

No
3(φ∧ψ) ≡ 3φ∧3ψ ? No
3(φ∨ψ) ≡ 3φ∨3ψ ? Yes
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Examples of Modal (Non-)Equivalence

Are the following equivalences valid?
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Exercises

p
w1

q
w2

p, r
w3

I W = {w1,w2,w3}

I R = {〈w1,w2〉, 〈w1,w3〉,
〈w2,w1〉, 〈w3,w2〉}

I L(w1) = {p}
L(w2) = {q}
L(w3) = {p, r }

Check for yourself:

w2 |= 2r ∧2p ?
w1 |= 2p ?
w1 |= 32p ?
w1 |= 23p ?
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How to evaluate complex formulas?

w1 |= 3332q ?

Yes

Often it is helps to annotate the models!
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Exam Preparation Exercises

Example

p
w1

q
w2

p, r
w3

r
w4

Determine the truth value of every formula in every world:

32q ?
332q ?
232(q ∨ r) ?
3(2(q ∨ r) → p) ?
2(3p → 33r) ?



Exam Preparation Exercises

Example

w1

w2 w3

w4 w5

w6

w7 w8p p

p

p

Determine in which worlds the following formula holds:

2323p ?



Exam Preparation Exercises

Example

w0

w1

w7

w3

w4

w5

w2

w6

pp

Determine in which worlds the following formula holds:

33332p ?



Exam Preparation Exercises

Example

w0

w1

w3

w4

w2

w5

w6

p

p

p

Determine in which worlds the following formula holds:

33322p ?


