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Natural Deduction: Quantifiers

Introduction of Existential Quantification

¢ [t/x]
Ix ¢ Ji

Condition for application of this rule: t free for x in ¢.

+ R(a,a) — dx R(x, x)

1 R(a, a) assumption
2 Ix R(x, x) 3; 1
3 R(a,a) — 3x R(x, x) —i1-2

Forline 2: R(a,a) = R(x, x)la/x]



Natural Deduction: Quantifiers

Elimination of Universal Quantification

VX ¢
¢ [t/x]

Ve
Condition for application of this rule: t free for x in ¢.

Vx P(x) F dx P(x)

1 Vx P(x) premise
2 P(z) Ve 1
3 dx P(x) ;2

Forline 2, 3: P(z) = P(x)[z/x]



Examples

R(a,a) = Ix3dy R(x,y)

1 R(a, a) premise
2 dy R(a, y) 3; 1
3 3x 3y R(x,y) J; 2

Forline 2: R(a,a) = R(a,y)la/y]
Forline 3: 3y R(a,y) = 3y R(x, y)la/x]

VxVy R(x,y) = IxVy R(x,y)

1 vx Yy R(x,Yy) premise
2 Yy R(z,y) Ve 1
3 Ix Vy R(x, y) 3,2

Forline 2, 3: Vy R(z,y) =Vy R(x,y)lz/x]



The Condition

¢ [t/x]
Ix ¢ Ji




Natural Deduction: Quantifiers

Introduction of Universal Quantification

Xo

& [x0/X]
Vx &

Vi

Condition for application of this rule: ‘xg is arbitrary’.
That is: xp occurs only inside the box (in particular not in ¢)

= Vx (P(x) — P(x))

Xo

Xo) \ assumption

Xo) — P(Xo) —j 1-1
3 Vx (P(x) — P(x)) Vi 1-2




Natural Deduction: Quantifiers

Elimination of Existential Quantification

dx ¢

Xo

Pdlxg/X]

n

¥

Je

Condition: xy nowhere outside the box (in particular not in V).

Ix (

(621~ S I \V]

Px)A\Q(x)) F Ix P(x)

Ix (P(x) A\ Q(x))

X0

P(xo

) A\ QX
P(xo)

0)

Ix P(x)
dx P(x)

premise

assumption
Ne 2

3; 3

Je 1,2-4



Examples

R(a,b) - 3Ix 3y R(x,y)

1 R(a, b) premise
2 Jy R(ay) 3i 1
3 Ix Jy R(x,y) 3i 2

R(a,a) + Ix Jy R(x,y)

1 R(a, a) premise
2 Jy R(a,y) 3i 1

3 dx 3y R(x,y) 3 2



Examples

R(a,a) - dx R(x, x)
1 R(a, a) premise

2 Ix R(x, x) 3i 1

F R(a,a) — dx R(x, x)

1 R(a, a) assumption

2 dx R(x, x) 3 1

3 R(a,a)eﬂx R(X)X) — i 1-2



Examples

Vx A(x) F A(c) NA(d)

1 Vx A(x) premise
2 Alc) Ve 1

3 A(d) Ve 1

4 A(c) A A(d) Ni 2,3



Examples

vx (A(x) A B(x)) F Vx B(x)

1 Vx (A(x) N\ B(x)) premise
Xo

2 A(xo) N\ B(xo) ve 1

3 B(xp) Ne 2

4 Vx B(x) Vi 1-3

Theorem exl : all x, (A(x) /\ B(x)) —> all x, B(x).

Proof.

imp_1i H.

all i xO.

insert HAB (A (x0) /\ B(x0)).

f all e H.

f_con_e2 HAB.
Qed.



Examples

F Vx (P(x) — P(x))

X0
1 1] P(xo
2 P(x0) — P(xo)
3 Vx (P(x) — P(x))
Theorem ex2 : all x, ( P (x)
Proof.
all i xO.
imp_i H.
ass H.

Qed.

assumption
— i 2-2
Vi 1-3

P(x) ).



Examples (from a final exam)

Ix P(x) — Q(c) F Vx (P(x) — Q(c))

1 Ix P(x) — Q(c) premise
y
2 P(y) assumption
3 Ix P(x) 3i 2
4 Q(c) —e1,3
5 Ply) — Q(c) i 2-4
6 Vx (P(x) — Q(c)) Vi 1-5
Theorem ex3 : (exi x, P(x) -> Q(c)) —-> all x, (P(x) -> Q(c)).
Proof.
imp_i H.
all_i xO0.
imp_i Px0.

insert Hexi (exi x, P x).
f_exi_i PxO0.

f_imp_e H Hexi.

Qed.



Examples

vx (P(x) - —P(x)) F Vx —P(x)

1 Vx (P(x) — —=P(x)) premise
X0

2 P(xp) assumption
3 P(x) — —=P(xo) Ve 1

4 —P(Xxp) —e 2,3

5 L —-e2,4

6 —P(x0) —i 2-5

7 Vx —P(x) Vi 2—-6
Theorem ex4 : all x, (P(x) -> ~P(x)) -> all x, ~P(x).
Proof.
imp_i H. all_i x0. neg_i HPxO.
insert Himp (P (x0) -> ~P(x0)). f_all_e H.
insert HnPx0 (~P(x0)).

f_imp_e Himp HPxO.
f_neg_e HnPx0 HPxO.
Qed.



Examples

—dx —A(x) F Vx A(x)

1 —dx —A(x)
Xo

2 —A(Xo)

3 dx —A(x)

4 1

5 A(Xo)

6 Vx A(x)
Theorem ex5 : ~(exi x, ~A(x)) —> all x,
Proof.
imp_i H.
all_i xO0.

PBC HnAxO0.

insert H2 (exi x, ~A(x)).
f_exi_i HnAxO.

f _neg_e H H2.

Qed.

premise

assumption
3; 2

e 1)3
PBC 2-4
Vi 2-5

A(x) .



Examples

Ix (P(x) A\ Q(x)) F Ix P(x)

1 Ix (P(x) A\ Q(x)) premise
X0
2 P(x0) N\ Q(xp) assumption
3 P(xo) Ne 2
4 Ix P(x) Ji 3
5 dx P(x) Jde 1,24
Theorem ex6 : exi x, (P(x) /\ Q(x)) —> exi x,
Proof.
imp_i H.

f_exi_e H y Hy.

insert HPy

(P(y)) .

f_con_el Hy.
f_exi_i HPy.

Qed.

P(x) .



Examples

Ix R(x,x) + 3x 3y R(x,y)

1 Ix R(x, x) premise
X0
2 R(xg, Xo) assumption
3 3y R(xo,y) 3 2
4 Ix 3y R(x,y) 3; 3
S Ix 3y R(x,y) Je 1,24
Theorem ex7 : exi x, R(x,x) —> exi x, exi y, R(x,vy).
Proof.
imp_i H.

f exi_e H z Hz.

insert H2 (exi vy, R(z,y)).
f exi_i Hz.

f_ exi_i H2.

Qed.



Examples

Vx A(x) F —3x —A(x)

1 Vx A(x)

2 dx —A(x)
Xo

3 —A(Xo)

4 A(Xo)

5 L

6 L

7 —3x —A(x)

Theorem ex8 : all x, A(x) —> ~(exi x,

Proof.

imp_i H.

neg_1i H2.

f_exi_e H2 y Hny.

insert Hy (A(y)). f_all e H.

f_neg_e Hny Hy.
Qed.

premise
assumption

assumption
Ve 1

—e 3,4

Je 2,3-5
- 2-6

~A(x)) .



Examples

vx (P(x) - —P(x)) - —dx P(x)

1 Vx (P(x) — —P(x)) premise

2 Ix P(x) assumption
y

3 P(y) assumption

4 P(y) = —P(y) Ve 1

5 —P(y) —e 2,3

6 1 —e 2,4

7 1 de 2,3-6

8 —3x P(x) - 2—7

Similar to an example we have seen before

vx (P(x) — —P(x)) F ¥x —P(x)



Examples

dxVy R(x,y) = Vy 3x R(x,y)

1 dx Vy R(x,y) premise

Yo

Xo

2 vy R(xo, y) assumption
3 R(xo, o) Ve 2
4 3x R(x, Yo) 3 4
5 3x R(x, ¥o) Je 1,24
6 Yy 3x R(x,y) V; 2-5
Theorem ex9 : exi x, all y, R(x,y) —> all y, exi x, R(x,Vy).
Proof.

imp_i H. all_i yO.
f_exi_e H x0 HxO.

insert Rx0y0 (R(x0,y0)).
f_all_e HxO.

f_exi_i RxO0yO0.

Qed.



Examples

Vx (P(x)V Q(x)) F Vx P(x)V 3dx Q(x)

1 vx (P(x)V Q(x))

2 —(Vx P(x) V3dx Q(x))
Y

3 P(y)V Qly)

4 || P(y)

5 Qy)

6 Ix Q(x)

7 vx P(x)V 3x Q(x)

8 1

9 P(y)

10 P(y)

11 Vx P(x)

12 vx P(x)V 3x Q(x)

13 1

vx P(x)V 3x Q(x)

premise
assumption

Ve 1
assumption
assumption
3/ 5

\/,'2 7

—e 2,7

1. 8

Ve 3,4-4,5-9
Vi 3-10
Vip 11

—e 2,12
PBC 2-13



Previous Example in ProofWeb

Theorem ex10 : all x, (P(x) \/ Q(x))
)

-> (all x, P(x)) \/ (exi x, 0O(x)).
Proof.
imp_i H.
insert Hor ((exi x, Q x) \/ ~(exi x, Q x)).
LEM.

f dis_e Hor He Hne.

f dis_1i2 He.

dis_il.

all_i xO0.

insert HxO0 (P (x0) \/ Q(x0)).
f_all_e H.

f dis_e Hx0 Px0 0OxO.
ass Px0.

insert He (exi x, Q Xx).
f exi_ 1 0QxO0.

fls_e.

f_neg_e Hne He.

Qed.



