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Propositional Logic: Introduction

Propositions are “declarative sentences”.

Examples

It rains.
8>5.
6<2.
X is positive.
The earth is flat.



Propositional Logic: Introduction

» If it rains and Janneke does not have her umbrella,
then she is wet.

» Janneke is not wet.
» |t rains.

Thus, Janneke has her umbrella.

We can translate this to propositional logic as follows:

r: ltrains.
u: Janneke has her umbrella.
w: Janneke is wet.

Then the sentences above becomes:

(rA—u)—w, —w, r E U



Propositional Logic: Syntax

Syntax of Propositional Logic
» propositional variables

P a,r, ... Po, Pty ...

» propositional connectives

= AV, =
» propositional formulas
p
= pAq
pV—q
(=pAQ) =

We use Greek letters for formulas:

¢ phi P psi £
o« alpha 3 beta

Xi



Bracket Convention

Priority Rules

— binds the strongest
/A\,V  binding-strength is in-between
— binds the weakest

How do we read the following?

pANg—r = (pAQq)—r
“pAr = (=P)AT
p/AqVr = unclear! needs brackets!
pANg/ANr = (pANgQ)Ar = p/A(g/r) (associativity)

p— qg—r = unclear! needs brackets! (not associative)



Parse Trees
What is the formula corresponding to the following parse tree?

“PAQG—=pAN(QV—r)=
(—pAQ) = (pA(QV —r))
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Properties of Formulas

Contingency = sometimes true and sometimes false

pPAgA—r

Tautology = always true

pV—p
p—p
(p—q) —=p)—p

Contradiction = always false

pPA—P
((p—q) —=p)A\—p



Properties of Formulas

Equivalent formulas = true at the same time

-pVg = p—g



Truth Tables




Parse Trees

Bottom-up evaluation of truth values in a parse tree:

F®/@\ F
F@/ \@F T@/ \/®\F



Truth Tables and Properties of Formulas

Plq|—q p——q pA(p——q)
FIF| T T F
FIT|F T F
TIF| T T T
T|T| F F F
contingency: sometimes F, sometimes T
p|—p pPV—p
F| T T
T|F T
tautology: always T
plq —p p=qg|—(P=q | —PA=(P—=q)
FIF| T T F F
FIT| T T F F
T F| F F T F
TIT| F T F F

contradiction: always F



Logic Equivalence

Formulas ¢ and 1 are logically equivalent, denoted

¢ =1,

if d and P have the same truth table.

Pl g —pP| PVQg| p—
FIF| T T T
FIT| T T T
T|F[F F F
T/ T| F T T
-pVq=p—q
More examples
pAq = ~(—pV—q)
pVag=qVp
p——q=qg——p




Important Equivalences

X = o
aNx = «
aVa =«
aAB = A
aVpB =pRVa

x—p = —-aVp

x—pB = —p—x

De Morgan laws

EL
Q

<
=2
|

= —a/Af
—(axAB) = ~aV—P



Logical Reasoning

From «yq,..., o, follows f3.
This is denoted as:

KyeeeyXn . B

pA—q . ~q
p—(q—=r),p —r. . —q

Two Important Variants

semantic Hy.ooy®n = B
syntactic Kiy.enyXp H B



Semantic Entailment

Semantic Entailment / Consequence

Kiy.eoy&Xn ': [3

means

Whenever «4,..., x, are all true, B is also true.

Dowehave g E p—q ?

— - T n|
—| T —| T|Q
—| |-l

Whenever gisTalsop — qisT. Hence:qg = p— q.



Examples Semantic Entailment

Dowehave p—q,—qkE ——p ?

plalp—aql—q[-p
FIF| T | T|T
FIT| T |F|T
TIF| F | T |F
TIT| T | F | T

At which line(s) do we need to look?
» where bothp — gand —gare T

In this line(s) —p is true.

Hence p — q, =g E —p holds.




Examples Semantic Entailment

To show that «y,...,x, &= B we need to show
» (3 is true whenever «y, ..., x, are true.
This can also be achieved by logical reasoning:
» assume that «4,..., x, are true, and
» show that  must be true as well.

Dowehave p—q,—qkE ——p ?

Assume that p — gand —qg are T.
Then qis F.
Then p must be F since otherwise p — g was F.

Thus —pis T.

Hence p — q, =g = —p holds.



Disproving Semantic Entailment

How to disprove o4,...,xn = B? Thatis, aq,...,xn ¥ B?

Find a valuation (assignment of truth values to variables) that
» makes «q,...,x, true, and
> 3 false.

Dowehave pVgEp—q ?

plalpVa p—g
FIF| F T
FIT] T T
TIF| T F
T(T| T T

When pisTand gis F,thenpV qgisTand p — qis F.
Conclusion: pV g # p—q.



Examples Semantic Entailment




Tautologies and Semantic Equivalence

Tautology
A formula ¢ is a tautology if it holds without premises:

Ed << ¢ isatautology

FpV—p

Semantic Equivalence

a=f <+ okEPp and BE«
(In other words: « and  have the same truth table.)

Note that = is an equivalence relation:
» reflexive,
» symmetric,
» transitive.



Other Important Facts
xEp = kFa—p
Xy...,nER &= &,...,1Exn—p

Xy..snER = Eog— (o= (...(xp—B)...)

FaAB & Faand

Faor Ef = EaVp



