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Pumping Lemma for Context-Free Languages (1961)

Theorem

Let L be a context-free language.

There exists m > 0 such that for every word w € L with |w| > m:
W = uvxyz

with |vxy| < mand |vy| > 1, and uv/xy’z < L for every i > 0.

Proof
Let G be a context-free grammar with L(G) = L\ {A}
m with k variables, and
= without A and unit productions.
Let m =1 + maximum number of leaves of derivation trees of
depth < (k + 2).

continued on next slide. ..



Pumping Lemma for Context-Free Languages (1961)

Let w € L with |w| > m. Consider a derivation tree for w.
There is a path of length > k + 2. Consider the longest path.

As there are only k variables, there must be a variable A that
occurs twice among the last k + 1 variable nodes of the path.

A We have w = uvxyz with
U ‘ 7 mS=%UAz
IO e

v y B A=t x
Hence

m S=" uvixy'zforevery i > 0.
Then

B |vxy| < m as the subtree generating vxy has depth < k + 2,

® |vy| > 1, since there are no A and unit productions. O]



Using the Pumping Lemma

Attention

A contradiction of the pumping property for specific values of m,
or of u, v, x, y, z, is not sufficient!

Pumping lemma as formula (note the quantifiers):
dm > 0.
Yw € L with |w| > m.
Ju, v, x, y, z with w = uvxyz, |vxy| < m, |vy| > 1.
Vi>0.uv'xy'zel

To contradict the pumping property, we prove the negation:
vm > 0.
Jw e L with lw| > m.
Yu, v, X, y,z with w = uvxyz, |vxy| < m, |vy| > 1.
Ji>0.uvixy'z& L



Pumping Lemma as a Game

To contradict the pumping property, we prove the negation:

vm > 0.
Jdw e L with lw| > m.
Yu, v, X, y,z with w = uvxyz, |vxy| < m, |vy| > 1.
Ji>0.uvxy'z4 L

Pumping Lemma as a Game

Given is L. We want to prove that L is not context-free.
1. Opponent picks m.
2. We choose a word w < L with [w| > m.

3. Opponent picks u, v, x, y, z
with w = uvxyz, lvxy| < mand |vy| > 1.

4. If we can find i > 0 such that uv/xy’z ¢ L, then we win.
If we can always win, then L has no pumping property!



Example

Assume that L ={a"b"c" | n > 0} was context-free.
According to the pumping lemma there is m > 0 such that
ampmc™ = uvxyz

with |vxy| < m, |vy| > 1, and uv'xy’z e L for every i > 0.
Since |vxy| < m, vy = a/b" or vy = b/c for some j, k > 0.
Since |vy| > 1 we have j + k > 1.
Then uv?xy?z does not contain equally many &'s, b’s and c’s.
Contradiction, thus L is not context-free.
Intuitively:

® opponent picks m,

® we pick w = a"b™c™,

B opponent u, v, x,y,Z



Exercises (1)

Show that L ={a"b" | n > 0} has the pumping property.
Let m = 2. Every word w = a"b" with [w| > m can be split
ab"=uwxyz u=a""' v=a x=\ y=b z=>b""
We have |vxy| < m, |vy| > 1and
wixyiz = a1Hip1+ ¢ |

for every i > 0. Thus the language has the pumping property.



Exercises (2)

Show L ={w € {a, b}* | w = wP} for has the pumping property.

Let m = 3. Every word w € L with |w| > m has the form
w = sctes”
where s € {a,b}*, c e {a,b}and t € { a,b,A}. Thus
wW=uvxyz u=s v=c x=t y=c z=s"
We have |vxy| < m, |vy| > 1and
w'xy'z =sc'tc’sf e L

for every i > 0. Thus the language has the pumping property.

Show that L also has the pumping property for m = 2.
Hint: distinguish w of even and odd length when splitting.



Exercises (3)

Show that L ={ ww | w € {a, b}* } is not context-free.
Assume that L was context-free.
According to the pumping lemma there is m > 0 such that
abma"b™ = uvxyz
with |vxy| < m, |vy| > 1, and uv'xy’z e L for every i > 0.
Since |vxy| < m, vy = a/b" or vy = b*a’ for some j, k > 0.
Since |vy| > 1 we have j + k > 1.
Since |vxy| < m, we have:
m If lul < m, then uvOxy%z = @™ /p"kamp™ & L.
B If m<|ul <2m, then uv®xy%z = a™b™kamipm & L.
m If 2m < |u], then uv®xy%z = a™bma™ib™ K ¢ L.
Contradiction in each case! Thus L is not context-free.
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